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We introduce Weyl’s scale-invariance as an additional global symmetry in the standard model of 
electroweak interactions. A natural consequence is the introduction of general relativity coupled to scalar 
ﬁelds à la Dirac, that includes the Higgs doublet and a singlet σ -ﬁeld required for implementing global 
scale-invariance. We introduce a mechanism for ‘spontaneous breaking’ of scale-invariance by introducing 
a coupling of the σ -ﬁeld to a new metric-independent measure  deﬁned in terms of four scalars φi
(i = 1, 2, 3, 4). Global scale-invariance is regained by combining it with internal diffeomorphism of these 
four scalars. We show that once the global scale-invariance is broken, the phenomenon (a) generates 
Newton’s gravitational constant GN and (b) triggers spontaneous symmetry breaking in the normal 
manner resulting in masses for the conventional fermions and bosons. In the absence of ﬁne-tuning 
the scale at which the scale-symmetry breaks can be of order Planck mass. If right-handed neutrinos are 
also introduced, their absence at present energy scales is attributed to their mass terms tied to the scale 
where scale-invariance breaks.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.In this letter we consider extending the standard model with 
global scale-invariance [1,2], the doomed symmetry that gave birth 
to the gauge principle and ultimately paved the way for imple-
menting gauge-invariance as we know and practice today. A glance 
at the elementary particle mass spectrum attests to the fact that 
scale-invariance is a badly-broken symmetry of Nature. As we shall 
show, in the absence of ﬁne-tuning, the scale at which the scale-
invariance symmetry breaks turns out to be of order (reduced) 
Planck mass MP ≈ 2.4 × 1018 GeV.
Implementing scale-invariance in the standard model had been 
previously considered [3–5]. The main result in [3] was the elimi-
nation of the Higgs boson from the standard model particle spec-
trum. In [4],1 scale-invariance was explicitly broken by hand. The 
philosophy advocated in the present work is different in spirit. In 
the present model scale-invariance is broken ‘spontaneously’, via a 
mechanism present in Two-Measure Theories, where we introduce 
a new measure of integration that is independent of the met-
ric and is deﬁned instead in terms of four scalar measure ﬁelds 
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1 It was the ﬁrst time that scale-invariance was implemented in the standard 
model in [4]. For subsequent works, see [5,6].http://dx.doi.org/10.1016/j.physletb.2016.11.036
0370-2693/© 2016 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.[7]. Such a procedure has been applied to the breaking of global 
scale-invariance in [8]. The transformation of the measure ﬁelds in 
conformally-invariant formulations of modiﬁed measure string the-
ories was studied [9]. Two-measure theory formulation was further 
generalized to curved backgrounds for extended objects in [10].
Also in the present case, the measure ﬁelds participate in the 
conformal transformations by undergoing an internal diffeomor-
phism. The equations of motion of these measure ﬁelds naturally 
leads to the ‘spontaneous’ breaking of global scale-invariance. We 
ﬁnalize by recapitulating the salient features of the spontaneously-
broken scale-invariant model.
Under global scale-transformation, the fundamental metric ten-
sor gμν transforms as
gμν → e2 gμν , (1)
where  is the parameter of global scale-transformations. The four-
dimensional volume element transforms as
d4x
√−g → e4 d4x √−g . (2)
Since the vierbein eμm and its inverse emμ satisfy eμmeνm = gμν
and emμenμ = ηmn where (ηmn) = diag. (1, −1, −1, −1) is the tan-
gent space metric, it follows that the transformation properties of 
eμm and its inverse emμ under Weyl’s symmetry are
eμ
m → e eμm , emμ → e− emμ . (3) under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Weyl’s scale-invariance as a global symmetry. The electroweak 
symmetry SU (2) × U (1) is extended to
G = SU (2) × U (1) × U˜ (1)global , (4)
where U˜ (1)global represents the Abelian symmetry associated with 
global scale-invariance. The additional particles introduced is a 
real scalar ﬁeld σ [11–14] that transforms as a singlet un-
der G . The distinct feature of the new symmetry is that under it 
ﬁelds transform with a real phase (a scaling-factor), whereas un-
der the SU (2) × U (1) symmetries ﬁelds transform with complex 
phases.
Under U˜ (1)global a generic ﬁeld in the action is taken to trans-
form as ew with a scaling-weight w . Thus under G = SU (2) ×
U (1) × U˜ (1)global the transformation properties of the entire parti-
cle content of the extended model are the following: The e-family 
(g = 1),

1q
L =
( u
d
)
∼ (2, 13 ,− 32 ) ; 1lL =
(
νe
e
)
∼ (2,−1,− 32 ) ;

1q
1R = uR ∼ (1, 43 ,− 32 ) ; 1q2R = dR ∼ (1,− 23 ,− 32 ) ;
1l2R = eR ∼ (1,−2,− 32 ) , (5)
and similarly for the μ-family (g = 2) and the τ -family (g = 3). 
All of these fermions have the same scaling-weight w = −3/2. 
The scalar bosons comprising the Higgs doublet ϕ and the real 
scalar σ ,
ϕ ∼ (2,−1,−1) ; σ ∼ (1,0,−1) , (6)
with the common scaling-weight w = −1. We introduce Wμ and 
Bμ as the gauge potentials respectively associated with the SU (2)
and U (1) symmetries. All of these gauge bosons have zero scaling-
weight w = 0: Wμ → Wμ and Bμ → Bμ . We suppress the SU (3)
of strong interactions as neglecting it will not affect our results 
and conclusions.
The action I0 of the model is [4]
I0 ≡
∫
d4x
√−g
[
− 14 gμρ gνσ (WμνWρσ + Bμν Bρσ )
+ gμν(Dμϕ)†(Dνϕ) + 12 gμν(∂μσ )(∂νσ )
+
∑
f=q,l
g=1,2,3
i=1,2
(

gf
L em
μγmDμ
gf
L +  gfiR emμγmDμgfiR
)
+
∑
f=q,l
g,g′=1,2,3
i=1,2
(
Yfgg′
gf
L ϕ
gf
iR + Y′fgg′ gfL ϕ˜g
′f
iR
)
+ h.c.
− 12 (βϕ†ϕ + ζσ 2)R + V (ϕ,σ )
]
, (7)
where ϕ˜ ≡ iσ2ϕ∗ , the indices (g, g′) are for generations, the in-
dices f = (q, l) refer to (quark, lepton) ﬁelds, Yfgg′ or Y
′f
gg′ are 
quark, lepton Yukawa couplings that deﬁne the mass matrices after 
symmetry breaking, the index i = 1, 2 is needed for right-handed 
fermions, while β and ζ are dimensionless couplings. The vari-
ous D ’s acting on the ﬁelds represent the covariant derivatives 
constructed in the usual manner using the principle of minimal 
substitution. Explicitly,Dμ
gf
L =
(
∂μ + igτ · Wμ + i2 g′Y gfL Bμ − 12ωμmnσmn
)

gf
L ,
Dμ
gf
iR =
(
∂μ + i2 g′Y gfiR Bμ − 12ωμmnσmn
)

gf
iR ,
Dμϕ =
(
∂μ + igτ · Wμ − i2 g′Bμ
)
ϕ . (8)
The Y gfL ’s , Y
gf
iR ’s represent the hypercharge quantum numbers (e.g., 
f = q, g = 1, i = 1, Y 1qL = 1/3, Y 1q1R = 4/3, etc.), g and g′ are the 
respective gauge couplings of SU (2) and U (1), while, Wμν and 
Bμν are the ﬁeld strengths associated with SU (2) and U (1).
The spin connection ωμmn [15] is deﬁned in terms of the vier-
bein eμm
ωmrs ≡ 12 (Cmrs − Cmsr + Csrm) , Cμν r ≡ ∂μeν r − ∂νeμr , (9)
while the aﬃne connection αμν is deﬁned by
ρμν = 12 gρσ
(
∂μgνσ + ∂ν gμσ − ∂σ gμν
)
. (10)
The Riemann curvature tensor Rρσμν is
Rρσμν = ∂μρνσ − ∂νρμσ − λμσρνλ + λνσρμλ , (11)
where ρμν , Rρσμν and the Ricci tensor Rρμρν = Rμν have 
scaling-weight w = 0, while the scalar curvature R=gμν Rμν trans-
forms with scaling-weight w = −2. The potential V (ϕ, σ) is given 
by
V (ϕ,σ ) = λ (ϕ†ϕ)2 − μ(ϕ†ϕ)σ 2 + ξ σ 4 , (12)
where λ, μ, ξ are dimensionless couplings. Note that the scalar po-
tential in this model consists of quartic terms only as required by 
Weyl’s scale-invariance. The desired descent, a two-stage process, 
of G to U (1)em
G = SU (2) × U (1) × U˜ (1)global 〈σ 〉−→ SU (2) × U (1) 〈ϕ〉−→ U (1)em .
(13)
In the primary stage of symmetry breaking, scale-invariance will 
be broken. One straightforward method is to break the scale-
symmetry by hand [4] by freezing the singlet-ﬁeld by σ = . 
However, there is a more appealing ﬁeld-theoretic way to break 
the scale-symmetry ‘spontaneously’.
Implementing ‘spontaneous’ breaking of scale-invariance is go-
ing to be achieved by introducing an additional term to the action, 
that although scale invariant, can induce the spontaneous breaking 
of scale-invariance as we will show. The new term is a coupling of 
the σ -ﬁeld to a metric-independent measure  deﬁned in terms 
of four scalar ﬁelds φi (i = 1, 2, 3, 4) as
 = εi jk εμνρσ (∂μφi)(∂νφ j)(∂ρφk)(∂σ φ) . (14)
In eq. (14), εi jk and εμνρσ represent permutation symbols in 
internal-space and coordinate-space, the former has the same val-
ues in any coordinate frame.
Modiﬁed measures theory uses many types of measures of 
integration in the action. We could use for example the stan-
dard Riemannian integration measure 
√−g and the above metric-
independent measure  as
S =
∫
d4xL1 +
∫
d4x
√−gL0 . (15)
In our case, the second part has been already deﬁned by (7), while 
L1 is taken to be the following,
L1 = Kσ n (n = 0) . (16)
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since it can be absorbed by a rescaling of the measure ﬁelds φi . 
The number n is an arbitrary non-zero real number.
We now discuss the scaling properties of the ﬁelds φi and how 
these transformations must be correlated to the transformations 
of the other ﬁelds, in particular, how it correlates to the trans-
formation of the σ -ﬁeld. Following the way conformal-invariance 
is implemented in the string theory formulated with a modiﬁed 
measure for example, we consider a restricted internal diffeomor-
phism in the space of the scalar ﬁelds φi (i = 1, 2, 3, 4),
φ˜i = φ˜i(φ j) ≡ ci j φ j , (17)
where ci j is a constant matrix. In other words, we restrict diffeo-
morphism to be a constant linear transformation of φi . Under (17), 
the measure  scales according to the Jacobian J of this transfor-
mation as
˜ = J , J ≡ det
(
∂φ˜i
∂φ j
)
= det(ci j) . (18)
Since ci j is a constant matrix, J is also space–time independent. In 
order for L1 = Kσ n to be invariant, we require
J = en , (19)
so that Kσ n −→ K ˜σ˜ n = K (en)(e−nσ n) = Kσ n . We can 
take the viewpoint that the internal diffeomorphisms, which deﬁne 
J , are our starting point. Then we deﬁne the transformation of the 
other ﬁelds by requiring e ≡ J1/n through the above equation.
Let us now turn to the equations of motion that are obtained 
from the variation of the measure ﬁelds φi (i = 1, 2, 3, 4). These 
are
Ai
μ∂μ(σ
n) = nσ n−1Aiμ∂μσ = 0 , (20)
where
Ai
μ = εi jk εμνρσ (∂νφ j)(∂ρφk)(∂σ φ) . (21)
It is easy to see that the determinant of Aiμ is proportional to 3, 
so if this measure is non-zero, we can choose,
σ = const. ≡  , (22)
where  is a constant for the ‘spontaneous’ symmetry breaking 
of the scale-symmetry associated with U˜ (1)global. This has been 
obtained from the integration of the equations of motion. The σ
equation of motion only determines χ = /√−g .
It is also interesting to notice that the equations of motion and 
the action, up to a total divergence, are invariant under a shift of 
the measure ﬁelds by an arbitrary function of σ ,
φi → φi + f i(σ ) . (23)
This new symmetry is separate from our global scale invariance 
U˜ (1)global.
We now turn to the consequences of the obtained constant 
value of the σ -ﬁeld. This primary stage of symmetry breaking, 
which concerns the scale symmetry breaking alone, determines 
Newton’s gravitational constant GN,2
ζ 2 = 1
8πGN
= M2P = (2.44× 1018 GeV)2 . (24)
2 We are using the reduced Planck mass. The original Planck mass as introduced 
by M. Planck is 1.22 × 1019 GeV.Thus  = MP/√ζ and barring any ﬁne-tuning  ≈ O(MP ), if we 
take ζ ≈O(1).
Weyl’s U˜ (1)global symmetry decouples completely and the 
scalar potential after the primary stage of symmetry breaking takes 
the form
V (ϕ) = −μ2(ϕ†ϕ) + λ (ϕ†ϕ)2 + ξ4 . (25)
It is to be noted that this form of the potential, apart from the 
vacuum energy-density term contributing to the cosmological con-
stant, is of the same form as the standard Higgs potential in the 
standard model. There is a left-over term in the potential that con-
tributes to the cosmological constant (or dark energy) [16]. This is 
given by ξ4/ζ 2. The present constraint on this value from phe-
nomenology is (10−3 eV)4. In order to agree with the present-day 
value, we require
ξ4
ζ 2
≈ 10−48 . (26)
Substituting , we ﬁnd that ξ/ζ 2 = 2.82 × 10−122. Thus enormous 
ﬁne-tuning is needed. If we want to eliminate ﬁne-tuning of the 
cosmological constant, then the model will need to be extended to 
include additional interaction terms.
In future research, the effect of introducing more general cou-
plings of the measure , such as coupling to the scalar curvature 
R will be studied in terms of the ﬁrst-order formalism, as has been 
done in simple models [8]. This procedure leads naturally to small 
vacuum-energy density of the universe. Furthermore the stabiliza-
tion of such a vacuum with small cosmological constant can be 
obtained by considering the scale-invariant linear-coupling of the 
Gauss–Bonnet topological-term to a dilaton [17].
Note that our μ2 ≡ μ˜ corresponds to the Higgs mass-term 
coeﬃcient in the standard model. All the conventional particles 
are still massless at this stage. With GN deﬁned, it is appropri-
ate to work in the weak-ﬁeld approximation. Henceforth we set √−ggμν ≈ ημν +O(κ ) where κ2 = 8πGN. The secondary stage of 
symmetry breaking is spontaneous. This takes place when ϕ → 〈ϕ〉
where
〈ϕ〉 = 1√
2
(
η
0
)
, (27)
η =
√
μ2
λ
≡
√
μ˜
λ
, (28)
and η is the electroweak symmetry breaking scale of order 
250 GeV:
μ˜
λ
= η2 = (246 GeV)2 . (29)
If we use the value λ = 0.126 [18] with (24) and (29), we get
μ = μ˜
2
= η
2λ
2
= η
2λζ
M2P
= (1.28× 10−33) ζ . (30)
The Higgs mass mh = 125 GeV [19] is related to μ˜ as
mh =
√
2μ =√2μ˜ = 125 GeV . (31)
From (31) and (24) we get
μ = m
2
h
22
= ζm
2
h
2M2P
= (1.31× 10−33) ζ . (32)
Eqs. (30) and (32) are in pretty good agreement, aside from the 
possible renormalization effect of the coupling λ. Since mh does 
not depend on λ, and moreover, these values are based on the 
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provides supporting evidence for the consistency of our model. If 
ζ =O(1), then μ is as small as μ ≈ 10−33.
In general, the appearance of very small numbers usually sig-
niﬁes the violation of some symmetry. The smallness of the con-
stants appearing in eqs. (30) and (32), thus could be due to the 
violation of a symmetry which, hitherto, has not been identiﬁed in 
the present work.
After spontaneous symmetry breaking (SSB), the conventional 
particles acquire masses as in the standard model,
MW = 12 gη , MZ =
MW
cos θW
,
Mfgg′ = 1√2Y
f
gg′η , M
′ f
gg′ = 1√2Y
′f
gg′η , (33)
where θW is the weak angle and Mfgg′ , M
′ f
gg′ are the quark (f = q)
and the charged lepton (f = l) mass matrices. At this stage neutri-
nos are still massless.
At the present time, one fundamental issue is that of neutrino 
masses and their lightness as compared to the masses of other 
particles. In the standard model and the model under consider-
ation, neutrinos are strictly massless as no right-handed neutral 
lepton ﬁelds were introduced. A popular extension of the stan-
dard model that addresses this issue in an aesthetically appealing 
way introduces right-handed neutrinos 1l1R = νeR , 2l1R = νμR and 
3l1R = ντ R that lead to see-saw masses [20] for the conventional 
neutrinos. This scenario is usually entertained in the SO (10) grand 
uniﬁed theory, where the right-handed neutrinos acquire super 
heavy masses. The super heavy scale is determined by the stage at 
which the internal symmetry SO (10) breaks, and has nothing to 
do with gravitational interactions. If right-handed neutrino ﬁelds 
are also introduced in the present model, the see-saw mechanism 
can naturally be accommodated due to the presence of the singlet 
ﬁeld σ . The relevant interaction Lagrangian is
Lν =
∑
g,g′=1,2,3
i=1
(
Ylgg′
gl
L ϕ
g′l
iR + h.c.+
1
2
YRRgg′σ
gl
1R
T Cσg
′l
1R
)
. (34)
Lepton number is explicitly broken by the last term. Scale breaking 
gives superheavy Majorana masses to the right-handed neutrinos 
and SSB subsequently gives Dirac masses that connects the left and 
right-handed neutrinos leading to the following familiar 6 ×6 mass 
matrix
Mν = 1√
2
(
0 Ylgg′ η
Ylg′g η Y
RR
gg′ 
)
, (35)
the eigenvalues of which are three see-saw masses for the light 
neutrinos and three heavy neutrinos with enough parameters to 
ﬁt the observed solar and atmospheric neutrino oscillation phe-
nomena. In the present model, the scale of right-handed neutrino 
masses is tied to the scale  associated with Weyl’s U˜ (1)global
breaking which in turn is tied to Newton’s constant GN. This is un-
like the GUT scenario where right-handed neutrino masses are tied 
to the GUT scale at which the grand uniﬁcation internal symmetry 
breaks. Thus the absence of right-handed neutrinos from the low 
energy scales is attributed to their superheavy masses of O(MP ), 
and may be interpreted as indication that right-handed neutrinos 
(and also gauge-mediated right-handed currents) and gravitational 
interactions may ultimately be related.
We stress that our model needs only quartic potential (12) for 
the scalar ﬁelds ϕ and σ only with dimensionless couplings as 
its foundation. The scale-breaking parameter  then induces the 
quadratic terms in the resulting potential (25). Whereas in the standard model μ and λ are not related, our model relates them 
in terms of  via (30).
We note that the symmetry breaking scheme depicted in the 
model under consideration would apply universally to theories that 
accommodate global scale-invariance and generate Newton’s con-
stant GN as a symmetry breaking effect. SSB necessarily requires 
the scalar potential to contain terms quadratic in scalar ﬁelds. 
Such terms are either added explicitly [21], or generated via quan-
tum corrections [22]. In scale-invariant theories the scalar potential 
consists of terms only quartic in the scalar ﬁelds. Thus in GUT 
theories with both local scale-invariance and internal symmetry in-
variance, it is a scale-invariance breaking that would precede SSB. 
This is because since all such theories would contain the scalar 
curvature R , Newton’s constant GN would be generated as the pri-
mary symmetry breaking effect. After scale breaking, the resulting 
potential would contain the necessary terms quadratic in scalar 
ﬁelds to effect SSB, similar to the discussion in the text, resulting 
in the GUT scale MG, intermediate scale(s) MI (MI, MII, MIII, · · ·)
and the electroweak scale MW ≈
√
G−1F with the hierarchy MG >
MI > MII > MIII > · · · > MW.
Our contention is that the present model presents a viable 
scheme in which gravity is uniﬁed, albeit in a semi-satisfactory 
way, with the other interactions. In the standard model physical 
ﬁelds and the couplings like electric charge e = 1/√g−2 + (g′)−2
and Fermi constant GF = g2/(8M2W) get deﬁned after SSB. Simi-
larly, in the present model, not only e and GF, but also GN gets 
deﬁned after symmetry breaking, thus conforming to the main 
theme in physics that all phenomena observed in Nature are sym-
metry breaking effects.
To conclude, we have accommodated Weyl’s scale-invariance 
as a global symmetry in the standard electroweak model. This 
inevitably leads to the introduction of general relativity. The ad-
ditional particle is a real scalar singlet that couples to the scalar 
curvature R˜ à la Dirac. The scale at which Weyl’s scale-invariance 
breaks deﬁnes Newton’s gravitational constant GN. The scalar po-
tential is unique in the sense that it consists of terms only quartic 
in the scalar ﬁelds and dimensionless couplings. Yet, as we have 
demonstrated, symmetry breaking is possible such that the left-
over symmetry is U (1)em and all particle masses are consistent 
with present-day phenomenology. If right-handed neutrinos are 
also introduced, the light neutrinos acquire see-saw masses and 
the suppression factor in the neutrino masses is of O(MP ).
In future research, we will study more general couplings of 
the measure , such as coupling to the scalar curvature R in 
terms of the ﬁrst-order formalism, as in simple models [8] without 
standard-model context.
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